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Abstract
Positron Emission Tomography reconstruction is ill posed. The result obtained with iterative maximum likelihood
estimation is often unrealistic and has noisy behavior. The introduction of additional knowledge in the solution
process is called regularization. Common regularization methods penalize high frequency features or the total
variation, thus compromise even valid solutions that have such properties. Another problem is the determination
of the strength of regularization, for which no practically useful approach is available in complex problems like
PET reconstruction. Bregman iteration offers a better choice enforcing regularization only where needed by the
noisy data, thus we incorporate this strategy into our reconstruction algorithm. This paper analyzes Bregman
iteration from the point of view of GPU-based PET reconstruction.

1. Introduction

Tomography reconstruction is the inverse problem of parti-
cle transport, which requires the iteration of particle trans-
port simulations and corrective back projections 6. The in-
puts of the reconstruction are the measured values in Lines
of Responses or LORs: y = (y1,y2, . . . ,yNLOR) The output of
the reconstruction method is the tracer density function x(⃗v),
which is approximated in a finite function series form:

x(⃗v) =
Nvoxel

∑
V=1

xV bV (⃗v), (1)

where x = (x1,x2, . . . ,xNvoxel) are the coefficients to be
computed, and bV (⃗v) (V = 1, . . . ,Nvoxel) are basis func-
tions, which are typically defined on a voxel grid. As only
non-negative tracer density makes sense, we impose non-
negativity requirement x(⃗v) ≥ 0 on the solution. If basis
functions bV (⃗v) are non-negative, this requirement can be
formulated for the coefficients as well: xV ≥ 0.

The correspondence between positron density x(⃗v) and
the expected number of hits ỹL in LOR L is described by
scanner sensitivity8 T (⃗v → L) that expresses the probabil-
ity of generating an event in LOR L given that a positron is
emitted in point v⃗ of volume V:

ỹL =
∫

v⃗∈V

x(⃗v)T (⃗v → L)dv =
Nvoxel

∑
V=1

ALV xV . (2)

where ALV is the System Matrix (SM):

ALV =
∫
V

bV (⃗v)T (⃗v → L)dv. (3)

A system matrix element is the probability of that a positron
is born in v⃗ with probability density bV (⃗v) and generates an
event in LOR L. Assuming that photon incidents in different
LORs are independent random variables with Poisson distri-
bution, the Expectation Maximization (ML-EM) algorithm7

should maximize the following likelihood function:

logL(x) = log

(
NLOR

∏
L=1

ỹyL
L

yL!
e−ỹL

)
=

NLOR

∑
L=1

(yL log ỹL − ỹL)− logyL!.

subject to xV ≥ 0. Here logyL! is independent of the voxel
intensities, and thus can be ignored during optimization.

2. Regularization

The ML-EM algorithm, as the solution of inverse problems
in general, is known to be ill-conditioned, which means that
enforcing the maximization of the likelihood function may
result in a solution with drastic oscillations and noisy behav-
ior (Fig. 1). To handle this problem, we have to recognize
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ground truth n = 10 n = 30 n = 50 n = 70 n = 90

Figure 1: Problem of overfitting to noise in ML-EM iteration when the Three Squares phantom is reconstructed.

the cases caused by overfitting and exclude them from the
solutions.

To recognize when the data is being fitted to noise, we
can measure the quality of the approximation, i.e. how free
the data is from unwanted high frequency characteristics. Ty-
chonoff regularization10 assumes the data set to be smooth
and continuous, and thus enforce these properties during re-
construction. However, the typical data in PET reconstruc-
tion are different, there are sharp features that should not be
smoothed with the regularization method. We need a penalty
term that minimizes the unjustified oscillation without blur-
ring sharp features. A better functional is the Total Variation
(TV) of the solution5, 3, 4. In one dimension the total varia-
tion measures the length of the path traveled by the function
value while its parameter runs over the domain. For differ-
entiable functions, the total variation is the integral of the
absolute value of the function’s derivative. If the basis func-
tions are piece-wise linear tent-like functions, then the TV in
one dimension is

TV (x) =
Nvoxel

∑
V=1

|xV − xV−1|. (4)

In higher dimensions, the total variation can be defined as
the integral of the absolute value of the gradient:

TV (x) =
∫
V

|∇x(⃗v)|dv. (5)

There are different possibilities to include regularization
information in the reconstruction:

1. Early termination stops the iteration when the quality be-
comes degrading during ML-EM.

2. Constrained optimization is based on the recognition that
we have two optimization criteria, the likelihood and the
quality of the data term, so we can take one of them
as an optimization objective while the other as a con-
straint. However, there are two problems. Firstly, the con-
straint cannot be well defined since it would require either
the likelihood or the quality of the true solution, which
are not available. Secondly, constrained optimization is
more difficult computationally than unconstrained opti-
mization.

3. Merging the data term and the regularization term into a
single objective function where poor quality solutions are
penalized by the regularization term.

In this paper, we investigate the third option, the merging
of a penalty or regularization term R(x) and the likelihood.
The penalty term should be high for unacceptable solutions
and small for acceptable ones. In PET reconstruction, under
positivity constraint x(⃗v) ≥ 0, we find where the sum of the
negative likelihood and a term that is proportional to the total
variation has its minimum:

E(x) =− logL(x)+λR(x). (6)

Here, λ is the regularization parameter that expresses the
strength of the regularizing penalty term.

The objective can be regarded as a functional of tracer
density function x(⃗v), or alternatively, having applied finite
element decomposition to x(⃗v), as a function of voxel values
x = (x1, . . . ,xNvoxel ):

E(x) =− logL(x)+λR(x). (7)

To minimize the multi-variate objective function with in-
equality constraints of non-negativity, we can use the Kuhn-
Tucker conditions, which lead to:

xV
∂E(x)
∂xV

= xV

(
λ ∂R(x(⃗v))

∂xV
−

NLOR

∑
L=1

ALV
yL

ỹL
+

NLOR

∑
L=1

ALV

)
= 0

for V = 1,2, . . . ,Nvoxel . Rearranging the terms, we obtain the
following equation for the optimum:

xV

(
λ ∂R(x(⃗v))

∂xV
+

NLOR

∑
L=1

ALV

)
= xV

NLOR

∑
L=1

ALV
yL

ỹL
.

There are many possibilities to establish an iteration scheme
that has a fix point satisfying this equation. A provably con-
verging backward scheme would solve the following equa-
tion in every step:

x(n+1)
V

(
λ ∂R(x(n+1)(⃗v))

∂xV
+

NLOR

∑
L=1

ALV

)
= x(n)V

NLOR

∑
L=1

ALV
yL

ỹ(n)L

where

ỹ(n)L =
Nvoxel

∑
V=1

ALV x(n)V
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is the expected number of hits computed from the activity
distribution available in iteration step n.

On the other hand, the forward scheme, also called One
Step Late (OSL) scheme, does not need to solve any equation
in a single iteration step:

x(n+1)
V =

x(n)V ·
NLOR

∑
L=1

ALV
yL

ỹ(n)L
NLOR

∑
L=1

ALV +λ ∂R(x(n)(⃗v))
∂xV

.

However, the convergence of this scheme is proven only if
λ∂R(x(n)(⃗v))/∂xV is constant7.

In this paper, we use this One Step Late option with Total
Variation regularization and demonstrate that it is stable in
practical situations. The partial derivatives of the total varia-
tion functional are:

∂TV (x(⃗v))
∂xV

=
∫
V

∂∇⃗x(⃗v)/∂xV√
|∇⃗x(⃗v)|2

dv. (8)

The integrand of this formula has a singularity where the
gradient is zero, which needs to be addressed.

The singularity can be avoided by re-defining the TV term
by adding a small positive constant β:

TV (x) =
∫
V

√
|∇⃗x(⃗v)|2 +βdv.

Note, however, that this modified TV term will not be in-
variant to sharp features anymore, and introduces some blur-
ring. Instead of adding a small constant to the gradient,
which eventually introduces blurring, primal-dual methods
increase the free variables of the search to solve the problem
of the singularity of the TV term3, 4.

3. Analysis of TV regularization

If both the negative likelihood and the regularization term
are convex, then the objective function has a global mini-
mum, which moves closer to the minimum of the regular-
ization term if λ is increased. However, this means that the
optimum of the likelihood is modified even if the noise level
is small and thus no regularization is needed. Classical reg-
ularization terms measure the distance between the constant
function and the actual estimate. The variation of the true
solution is also penalized, so the optimum would be modi-
fied. As a result, Tychonoff regularization produces blurred,
oversmoothed edges, TV regularization reduced contrast so-
lutions having stair-case artifacts. The optimal weight can be
obtained with Hansen’s L-curves2, which states that the opti-
mal λ is where the (− logL(xλ)),TV (xλ)) parametric curve
has maximum curvature (note that in the final solution x de-
pends on λ, so both the likelihood and the total variation will
be functions of the regularization parameter). However, the

algorithm developed to locate the maximum curvature points
assumes Tychonoff regularization, and there is no practically
feasible generalization to large scale problems based on TV.

To examine these artifacts formally, let us consider the
one dimensional case when the TV is defined by Equ. 4. The
partial derivatives of the TV functional is

∂TV (x(⃗v))
∂xV

=

∂∑Nvoxel
V=1 |xV − xV−1|

∂xV
=


2 if xV > xV−1 and xV > xV+1,
−2 if xV < xV−1 and xV < xV+1,
0 otherwise.

Thus the iteration formula becomes independent of the
regularization when x(n)V is not a local extremum:

x(n+1)
V =

x(n)V ·
NLOR

∑
L=1

ALV
yL

ỹ(n)L
NLOR

∑
L=1

ALV

.

When x(n)V is a local maximum, regularization makes it
smaller by increasing the denominator by 2λ:

x(n+1)
V =

x(n)V ·
NLOR

∑
L=1

ALV
yL

ỹ(n)L
NLOR

∑
L=1

ALV +2λ
.

Similarly, when x(n)V is a local minimum, regularization
makes it greater by decreasing the denominator by 2λ.

This behavior is advantageous when local maxima and
minima are due to the noise and overfitting. Note that the
regularization has a discontinuity when xV is equal to one
of its neighbors so iteration is likely to stop here, resulting
in staircase-like reconstructed signals. On the other hand,
when the true data really has a local extremum, regulariza-
tion decreases its amplitude, resulting in contrast reduction.
Assume, for example, that the true data is a point source like
feature that is non-zero only in a single point V . For this
value, the ratio of the reconstruction with and without regu-
larization, i.e. the contrast reduction is

C(λ) =

NLOR

∑
L=1

ALV

NLOR

∑
L=1

ALV +2λ
≈ 1− 2λ

NLOR

∑
L=1

ALV

.

Note that contrast reduction is not uniform for differ-
ent voxels but depends on sensitivity ∑NLOR

L=1 ALV , which ex-
presses the probability that a positron born with probabil-
ity density of basis function bV is detected by LOR L. The
sensitivity is high in the center of a fully 3D PET but can
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be very small close to the exits of the gantry, causing over-
regularization here. To attack this problem, we propose an
Equalized One Step Late (EOSL) scheme:

x(n+1)
V =

x(n)V ·
NLOR

∑
L=1

ALV
yL

ỹ(n)L
NLOR

∑
L=1

ALV

(
1+λ ∂R(x(n)(⃗v))

∂xV

) .

4. Bregman iteration

An optimal regularization term would have its minimum at
the ground truth solution when x = xtrue. In this case, reg-
ularization would not compromise the solution when regu-
larization is not needed, and would become larger when the
R(x) is significantly different from R(xtrue). Thus, an optimal
regularization term would measure the “distance” D(x,xtrue)
between x and xtrue. An appropriate distance function is the
Bregman distance1, 12, 11 that can be based on an arbitrary
convex penalty term R(x):

D(x,xtrue) = R(x)−R(xtrue)−⟨p,x− xtrue⟩

where p is the gradient of R(x) at xtrue if it exists:

pV =
∂R(x(⃗v))

∂xV
.

In practice, we do not know the true solution, so it is re-
placed by an earlier estimate x(k). Note that if the regular-
ization term is linear between the true solution and x(k), then
this approximation is precise since

D(x,xtrue) = D(x,x(k)).

Total variation is based on the absolute value function, which
results in piece-wise linear regularization term, making it
particularly attractive for Bregman iteration.

Replacing the TV functional by the Bregman distance in-
duced by the TV functional, the goal of the optimization is

E(x) =− logL(x)+λD(x,x(k)). (9)

Using the result of an arbitrary regularization for the spe-
cial case of the Bregman distance, we obtain the following
forward iteration:

x(n+1)
V =

x(n)V ·
NLOR

∑
L=1

ALV
yL

ỹL

NLOR

∑
L=1

ALV +λ ∂D(x(n)(⃗v),x(k)(⃗v))
∂xV

.

where the partial derivatives of the Bregman distance are:

∂D(x(⃗v),x(k)(⃗v))
∂xV

=
∂TV (x(⃗v))

∂xV
−p(k)

V . (10)

When k is incremented, the gradient vector of the total

variation, p, should be updated. This can be done directly
considering the criterion of optimality. Iteration arrives at
the optimum when the derivative of the objective function
is zero:

0 =
∂E(x)
∂xV

=

(
λ ∂D(x(⃗v))

∂xV
−

NLOR

∑
L=1

ALV
yL

ỹL
+

NLOR

∑
L=1

ALV

)
=

λ ∂TV (x(⃗v))
∂xV

−λp(k)
V −

NLOR

∑
L=1

ALV
yL

ỹL
+

NLOR

∑
L=1

ALV .

Setting p(k+1) to the gradient of the TV term and expressing
it from the equation, we get

p(k+1)
V = p(k)

V +
1
λ

NLOR

∑
L=1

(
ALV

yL

ỹL
−ALV

)
.

However, this step size may to too big and may make the
iteration unstable, so we scale it and use the following update
formula:

p(k+1)
V = p(k)

V +δ
NLOR

∑
L=1

(
ALV

yL

ỹL
−ALV

)
,

where δ is a controllable step size. The reconstruction algo-
rithm based on Bregman iteration can be summarized as:

for k = 1 to K do // Bregman iterations
for n = (k−1)K to kK −1 do // subiterations

x(n+1)
V = x(n)V ·

∑L ALV
yL
ỹL

∑L ALV +λ
(

∂TV
∂xV

−p(k)V

) .

endfor
p(k+1)

V = p(k)
V +δ∑L

(
ALV

yL
ỹL

−ALV

)
.

endfor

Both TV regularization and Bregman iteration require the
computation of the derivative of the total variation with re-
spect to each coefficient in the finite element representation
of the function to be reconstructed. If the finite element basis
functions have local support, then the derivative with respect
to a single coefficient depends just on its own and its neigh-
bors’ values. Thus, this operation becomes similar to a image
filtering or convolution step, which can be very effectively
computed on a parallel machine, like the GPU9.

5. Results

We examine a simple 2D PET model where a SM of dimen-
sions NLOR = 2115 and Nvoxel = 1024 (Fig. 2).

We considered three phantoms, the Three Squares where
each square has 64 Bq activity, the Point Source of 20 Bq
activity, the Homogeneity of 2 · 104 Bq activity and using a
Monte Carlo particle transport method, we simulated a 5 sec
long measurement for all these phantoms (Fig. 3). It means
that the Three Squares phantom is projected with 1000 pho-
ton pairs, the Point source with 100 photon pairs, and the
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Figure 2: 2D tomograph model: The detector ring contains
90 detector crystals and each of them is of size 2.2 in voxel
units and participates in 47 LORs connecting this crystal
to crystals being in the opposite half circle, thus the total
number of LORs is 90×47/2 = 2115. The voxel array to be
reconstructed is in the middle of the ring and has 32× 32
resolution, i.e. 1024 voxels. The ground truth voxel array of
the Three Squares phantom has three hot squares of activity
densities 1, 4, and 16 and of sizes 82, 42, and 22.

Homogeneity with 105 photon pairs, resulting in measured
data having 1.21 Signal-to-Noise ratio (SNR) for the Three
Squares, 1.07 SNR for the Point source and 1.69 SNR for
the Homogeneity. Only geometric effects were simulated,
we ignored scattering and absorbtion in the phantom. Three
Squares is formed by three active squares of increasing size,
and represents a realistic example between the other two ex-
tremes. Point Source and the Homogeneity represent two ex-
treme cases. Point Source has a high variation since it has
just a single voxel where the activity is non-zero and is well
determined by the measurement. Thus, the reconstruction of
Point Source would not need regularization, and regulariza-
tion would just slow down the convergence. Homogeneity
is formed by four constant activity squares, so the activity
distribution is rather flat and the measurement is quite noisy.
Such cases badly need regularization.

First we compared TV regularization strategies including
the classical TV, One Step Late (OSL) and Equalized One
Step Late (EOSL) for the Three Squares phantom. The L2
error curves with respect to iteration number n are shown
by Fig. 4. Note that there is no significant difference be-
tween the classical TV and the OSL options, while the OSL
is much easier to compute. The Equalized version seems to
be better when overregularization happens and poorer when
the regularization is not strong enough, but the fact is that for
the 2D tomograph model, the probability that a voxel event
is detected is quite uniform thus the sensitivity is already
equalized. The apparent difference is due to the fact that in
the equalized option, the regularization parameter is scaled
down by the sensitivity value, so similar results could be ob-
tained if the global regularization parameter λ is scaled up in
the equalized case.

Three Squares

Point Source

Homogeneity

Phantom Sinogram Reconstruction

Figure 3: The three phantoms used in the experiments, their
random projections in sinogram parametrization, and the re-
constructions without regularization.

Then, we considered the Bregman schemes and used only
the TV-OSL as a reference. The L2 error curves with respect
to iteration number n are depicted by Figs. 5, 6, and 7, the
reconstruction results by Figs. 8, 9, and 10. We set Bregman
period K to 10 and step size δ to 1 in all tests.

We can make the following observations. Figs. 5 and 8
demonstrate the reconstruction of the Three Squares. This
is a low statistics measurement where regularization is nec-
essary. Total variation regularization and Bregman iteration
with period 10 result in error level 30%, which remains the
same for Bregman iteration even for strong regularization
but gets slightly worse for total variation regularization. The
One Step Late version of Bregman iteration outperforms all
other methods despite the fact that it tends to oscillate when
regularization is too strong.

The reconstruction of the Point phantom can be evaluated
in Figs. 6 and 9. This measurement is of high statistics, so
the L2 error decreases even if no regularization is applied.
On the other hand, the phantom has a high variation, so here
regularization slows down the convergence and reduces the
contrast. Total variation regularization stops the convergence
on error levels 13%, 25% and 60% when the parameter of
regularization is λ = 0.01, λ = 0.02, and λ = 0.05, respec-
tively, and there is no difference whether or not the One Step
Late option is used. Bregman iteration can help and make
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Figure 4: L2 error curves of the Three Squares reconstruction with TV regularization options.

the process still converging, but the convergence is slower
than without regularization.

When the Homogeneity is reconstructed (Figs. 7 and 10),
regularization is indeed needed since when there is no reg-
ularization (No TV), the error grows after an initial reduc-
tion due to overfitting. TV-OSL and Bregman iteration per-
form similarly for this phantom. Regularization parameter
λ = 0.01 seems to be too small since the error slightly in-
creases. When λ= 0.02 the error converges to 21%, and with
very strong regularization set by λ = 0.05, the error is also
stable but at a higher level. The similarity of TV regulariza-
tion and Bregman iteration in this case is explained by the
fact that the phantom itself is flat, so its total variation is
modest. The interesting fact is that One Step Late Bregman
iteration performs better than both TV and Bregman regular-
ization for lower regularization parameters, but gets the error
to oscillate when the regularization is too strong. This oscil-
lation is due to the fact that the step size of the optimization
algorithm gets two large, so it steps over the minimum.

6. Conclusions

Based on the analysis and simulation results we can con-
clude that the One Step Late option works both for TV reg-
ularization and Bregman iteration, making their implemen-
tation fairly simple. Bregman iteration is a promising alter-
native to TV regularization and its one step late evaluation
not only makes it more efficient to compute but also helps
improving the error reduction. The only drawback of One
Step Late Bregman iteration with respect to One Step Late
TV regularization is that we should maintain another voxel
array pV in addition to activity values xV . This not only dou-
bles the storage space but also slows down the GPU imple-
mentation where the data transfer is the bottleneck.

There are two issues that need to be addressed in our fu-
ture work. Firstly, in case of overregularization One Step
Late Bregman iteration may have oscillating error curves
which means that the process jumps over the minimum in
each step. We plan to consider the cases when the derivative

λ = 0.01

λ = 0.02

λ = 0.05

TV OSL Bregman Bregman OSL

Figure 8: Reconstructions of the Three Squares phantom.

of the regularization term changes its sign and reduce the
step size to enforce convergence.

Secondly, when the phantom has very high variation like
in the case of Point phantom, even Bregman iteration slows
down the convergence. This problem can be addressed by re-
ducing the Bregman period, when the original convergence
speed can be restored. However, in other cases, when regu-
larization is badly needed, too low Bregman period cannot
prevent the process from divergence. Thus our goal is to find



Szirmay-Kalos and Jakab / Analysis of Bregman Iteration in PET reconstruction

 0

 10

 20

 30

 40

 50

 60

 0  10  20  30  40  50  60  70  80  90  100

L2
 e

rr
or

 %

iteration number

Three Squares, lambda = 0.01

No TV
TV OSL

Bregman
Bregman OSL

 0

 10

 20

 30

 40

 50

 60

 0  10  20  30  40  50  60  70  80  90  100

L2
 e

rr
or

 %

iteration number

Three Squares, lambda = 0.02

No TV
TV OSL

Bregman
Bregman OSL

 0

 10

 20

 30

 40

 50

 60

 0  10  20  30  40  50  60  70  80  90  100

L2
 e

rr
or

 %

iteration number

Three Squares, lambda = 0.05

No TV
TV OSL

Bregman
Bregman OSL

λ = 0.01 λ = 0.02 λ = 0.05

Figure 5: L2 error curves of the Three Squares reconstruction.
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Figure 6: L2 error curves of the Point phantom
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Figure 7: L2 error curves of the Homogeneity phantom
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λ = 0.01

λ = 0.02

λ = 0.05

TV OSL Bregman Bregman OSL

Figure 9: Reconstructions of the Point phantom

an optimal Bregman period based on the properties of earlier
iteration step.
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