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tƻƴǘƻƪ ŘŜŦƛƴƝŎƛƽƧŀ 
ƪƻƻǊŘƛƴłǘŀǊŜƴŘǎȊŜǊǊŜƭ
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{ȊłƳƻƪƪŀƭΗ
1. YƻƻǊŘƛƴłǘŀǊŜƴŘǎȊŜǊ (=referencia geometria)
2. YƻƻǊŘƛƴłǘłƪ(=mŞǊŞǎ)



BaricentrikusόƘƻƳƻƎŞƴύ ƪƻƻǊŘƛƴłǘłƪ

Å ►az ►,►ΣΧ,►Ǉƻƴǘƻƪ ƪƻƳōƛƴłŎƛƽƧŀ

Å Ha ŀ ǎǵƭȅƻƪ ƴŜƳ ƴŜƎŀǘƝǾŀƪ: konvexƪƻƳōƛƴłŎƛƽ

Å YƻƴǾŜȄ ƪƻƳōƛƴłŎƛƽ ŀ konvex burkon ōŜƭǸƭ Ǿŀƴ

Å Egyenes(szakasz) = ƪŞǘ Ǉƻƴǘ (konvex) ƪƻƳōƛƴłŎƛƽƧŀ

Å {Ɲƪ(ƘłǊƻƳǎȊǀƎ) = ƘłǊƻƳ Ǉƻƴǘ (konvex) ƪƻƳōƛƴłŎƛƽƧŀ
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DǀǊōŞƪΥ 1D ponthalmazok
Explicit egyenlet

2D egyenes: 
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DǀǊōŜΥ LƳǇƭƛŎƛǘ ŜƎȅŜƴƭŜǘ

Ὢὼȟώ πvagyὪ► π
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2D egyenes implicit egyenlete

ὥὼ ὦώ ὧ π

▪ɇ► ▬ π
y

▬ ►

▪normłl vektor

x

25 ŜƎȅŜƴŜǎǘǃƭ ƳŞǊǘ ǘłǾƻƭǎłƎΥ

▪ɇ► ▬ ±ŜǘǸƭŜǘ ▪-re³az▪hossza

Ha▪ŜƎȅǎŞƎǾŜƪǘƻǊ:
▪ɇ► ▬ ŀȊ ŜƭǃƧŜƭŜǎ ǘłǾƻƭǎłƎ!

ὲ ὼ ὴ ὲ ώ ὴ π

▪

▬

►

Ez is: ὥὼ ὦώ ὧ π



KvadratikusgǀǊōŞƪ

ÅYǀǊ: Azon ►ὼ,ώ)Ǉƻƴǘƻƪ ƳŞǊǘŀƴƛ ƘŜƭȅŜΣ ŀƳŜƭȅŜƪ ŀ ╬ὧ,ὧ)

ƪǀȊŞǇǇƻƴǘǘƽƭ ὙǘłǾƻƭǎłƎǊŀ Ǿŀƴƴŀƪ: ► ╬ Ὑª

► ╬ Ὑ πª ὼ ὧ ώ ὧ Ὑ π

ÅEllipszis: Azon►pontok, amelyek a █ïÓ█Ŧƽkuszpontoktƽƭ 
ƳŞǊǘ ǘłǾƻƭǎłƎ ǀǎǎȊŜƎŜ łƭƭŀƴŘƽ ὅ:  ► █ ► █ ὅ

ÅHiperbola:Azon ►pontok, amelyek a █ïÓ█Ŧƽkuszpontoktƽƭ 
ƳŞǊǘ ǘłǾƻƭǎłƎ ƪǸƭǀƴōǎŞƎŜ łƭƭŀƴŘƽ ὅ:  ► █ ► █ ὅ

ÅParabola:Azon ►pontok, amelyek az █ŦƽƪǳǎȊǇƻƴǘǘƽƭ ƳŞǊǘ 
ǘłǾƻƭǎłƎa megegyezik az ▪ƴƻǊƳłƭǾŜƪǘƻǊǵ Şǎ ▬ƘŜƭȅǾŜƪǘƻǊǵ 
ŜƎȅŜƴŜǎǘǃƭ ƳŞǊǘ ǘłǾƻƭǎłƎƎŀƭΥ ► █ ▪ ɇ► ▬



YǾŀŘǊŀǘƛƪǳǎ ƎǀǊōŞƪ= kvadratikusalak

ÅImplicit fǸƎƎǾŞƴȅƴŞƎȅȊŜǘƎȅǀƪǀƪ ƴŞƭƪǸƭΥ

ÅałǘǊƛȄǎȊŀƭΥ
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ElliptikusgǀǊōŞƪ

Ὢὼȟώ ὼ ὥὼ ὦ ώ

AlkalmaȊłǎΥ YǊƛǇǘƻƎǊłŦƛŀΣ ǎȊłƳŜƭƳŞƭŜǘ όCŜǊƳŀǘ ǘŞǘŜƭ ōƛȊƻƴȅƝǘłǎύ

ὥ ρȟὦ πȟȣȟρ.6

ὖ

ὗ

Ὑ

ὖ ὗ Ὑ

EzzelŀȊ ǀǎǎȊŜŀŘłǎǎŀƭ csoport,
bŜƳ ǾŜȊŜǘ ƪƛ ŀ ǊŀŎƛƻƴłƭƛǎ ǎȊłƳƻƪōƽƭ



DǀǊōŜΥ tŀǊŀƳŞǘŜǊŜǎ ŜƎȅŜƴƭŜǘ

ὼ ὼὸȟώ ώὸȟᾀ ᾀὸ
vagy ► ►ὸ

3D egyenes:

ὼὸ ὼ ὺὸ
ώὸ ώ ὺὸ

ᾀὸ ᾀ ὺὸ
ὸɴ ЊȟЊ

ὼὸ ὧ ὙÃÏÓὸ
ώὸ ὧ ὙÓÉÎὸ

ὸɴ πȟς“
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Þ
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YƭŀǎǎȊƛƪǳǎ ƎǀǊōŞƪ

ÅYǀǊΥ

ÅCikloisz:

ÅTractrix:

ÅKardioid: 

ὸ

ὼὸ

ώὸ

ὼὸ ὸ ÓÉÎὸ
ώὸ ρ ÃÏÓὸ

ὼὸ ÓÅÃÈὸ
ώὸ ὸ ÔÁÎÈὸ

ὼὸ ρ ÃÏÓὸÃÏÓὸ
ώὸ ρ ÃÏÓὸÓÉÎὸ

ὸɴ ЊȟЊ ρ

Pitagoraszi
ǎȊłƳƘłǊƳŀǎƻƪ



tƻƴǘƻƪ Şǎ ƪƭŀǎǎȊƛƪǳǎ ƎǀǊōŞƪ

ÅtƻƴǘƘƻȊ ƪƻƻǊŘƛƴłǘŀǊŜƴŘǎȊŜǊ ƪŜƭƭ

ïDescartes, Baricentrikus

ÅDǀǊōŞƘŜȊ ŜƎȅŜƴƭŜǘ ƪŜƭƭ

ï!Ȋ ŜȄǇƭƛŎƛǘ Ǌƛǘƪłƴ ƘŀǎȊƴłƭƘŀǘƽ

ï!Ȋ ƛƳǇƭƛŎƛǘ ŦŜƭǘŞǘŜƭŜƪŜǘ ŦƻƎŀƭƳŀȊ ƳŜƎ ŀ ǇƻƴǘƻƪǊŀ

Å!Ȋƻƴ Ǉƻƴǘƻƪ ƘŀƭƳŀȊŀΣ ŀƳŜƭȅŜƪōŜƴ  Χ Ǉƻƴǘƻƪ ǘłǾƻƭǎłƎǊŀ 
(ȿ▬ ▲ȿύΣ Χ merǃƭŜƎŜǎ(▀ɇ○ π), Χ płǊƘǳȊŀƳƻǎ (▀
○ π),ΧǾŜǘǸƭŜǘŜ ό○ɇ►).

ï! ǇŀǊŀƳŞǘŜǊŜǎ ƳƻȊƎłǎƪŞƴǘ ŦƻƎŀƭƳŀȊȊŀ ƳŜƎ ŀ ƎǀǊōŞǘ



Szirmay-Kalos[łǎȊƭƽ

GeometriaiƳƻŘŜƭƭŜȊŞǎ
нΦ {ȊŀōŀŘŦƻǊƳłƧǵ ƎǀǊōŞƪ



{ȊŀōŀŘŦƻǊƳłƧǵ ƎǀǊōŞƪ

Å5ŜŦƛƴƝŎƛƽ ǾŜȊŞǊƭǃǇƻƴǘƻƪƪŀƭ

ÅPolinom:   ὼὸ Вὥὸ,ώὸ Вὦὸ, z ὸ Ễ

ÅtƻƭƛƴƻƳ ŜƎȅǸǘǘƘŀǘƽƪΥ
ïYǀǾŜǎǎŜ ŀ ǾŜȊŞǊƭǃǇƻƴǘƻƪŀǘΥ LƴǘŜǊǇƻƭłŎƛƽκApproxiƳłŎƛƽ

ïTermŞǎȊŜǘŜǎǎŞƎ: C2ŦƻƭȅǘƻƴƻǎǎłƎ

ï{ȊŞǇǎŞƎ: kis gǀǊōǸƭŜǘǾłƭǘƻȊłǎƛƴŘƻƪƻƭŀǘƭŀƴ ƘǳƭƭłƳȊłǎ ƴŞƭƪǸƭ

ïCǸƎƎŜǘƭŜƴ legyen a ƪƻƻǊŘƛƴłǘŀǊŜƴŘǎȊŜǊǘǃƭόǎǵƭȅǇƻƴǘύ

ï[ƻƪłƭƛǎ ǾŜȊŞǊŜƭƘŜǘǃǎŞƎ

►ὸ



(Giuseppe)

Lagrange 
ƛƴǘŜǊǇƻƭłŎƛƽ

ÅKeresd:►ὸ ВὥὸȟВὦὸȟВὧὸ , 

amelyre►ὸ ►ȟ►ὸ ►ȟȣȟ►ὸ ►

ÅIłƴȅŀŘ Ŧƻƪǵ ŀ ǇƻƭƛƴƻƳ?  ὲ ρ

ÅaŜƎƻƭŘłǎΥ

►
►ὸ?

1 haὭ Ὧ

0 haὭ Ὧ

►

►

ὸ ὸ ὸ

ὒὸ
Б ὸ ὸ

Б ὸ ὸ
ὒὸ

Б ὸ ὸ

Б ὸ ὸ

►ὸ ὒὸ► ►►ὸ ὒὸ►



class Lagrange Curve {

vector <vec 3> cps; // control pts 

vector <float> ts ; // knots

float L(int i, float t) {

float Li = 1.0f;

for (int j = 0; j < cps.size () ; j++)

if (j != i ) Li *= (t ï ts [j])/( ts [ i ] ï ts [j]);

return Li;

}

public :

void AddControlPoint ( vec 3 cp ) { 

float ti = cps.size (); // or something better

cps.push_back ( cp ); ts.push_back ( ti );

}

vec 3 r(float t) {

vec 3 rt (0 , 0, 0 );

for (int i=; i < cps.size () ; i++) rt += cps[ i ] * L(i,t);

return rt ;

}

};

LagrangeCurve

ὒὸ
Б ὸ ὸ

Б ὸ ὸ

►ὸ ὒὸ►



[ŀƎǊŀƴƎŜ ƛƴǘŜǊǇƻƭłŎƛƽ ōłȊƛǎŦǸƎƎǾŞƴȅŜƛ
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ὒὸ
Б ὸ ὸ

Б ὸ ὸ

►ὸ ὒὸ►

file:///D:/3DPrograms/GrafikaHazi/Programs/Bezier/bin/Skeleton.exe
file:///D:/3DPrograms/GrafikaHazi/Programs/Bezier/bin/Skeleton.exe


(Charles) HermiteinterpƻƭłŎƛƽ

Å►ὸ ╪ ὸ ὸ ╪ ὸ ὸ ╪ ὸ ὸ ╪
Å►ὸ σ╪ ὸ ὸ ς╪ ὸ ὸ ╪

▬

ὸ

○

○

▬

ὸ

╪ ▬
╪ ○

╪
σ▬ ▬

ὸ ὸ

○ ς○

ὸ ὸ

╪
ς▬ ▬

ὸ ὸ

○ ○

ὸ ὸ

►ὸ

=►ὸ

=►ὸ

►ὸ

►ὸ ╪ ▬
►ὸ ╪ ὸ ὸ ╪ ὸ ὸ ╪ ὸ ὸ ╪ ▬
►ὸ ╪ ○
►ὸ σ╪ ὸ ὸ ς╪ ὸ ὸ ╪ ○



(Pierre) BŞzierŀǇǇǊƻȄƛƳłŎƛƽ

ÅKeresd:►ὸ Вὄ ὸ►

ïὄ ὸ: ƴŜ ƻǎȊŎƛƭƭłƭƧƻƴ

ïKonvexōǳǊƻƪ ǘǳƭŀƧŘƻƴǎłƎ

ïὄ ὸ π, Вὄ ὸ ρ

ὄ ὸ ὄ ὸ
ὄ ὸ

ὄ ὸ

►ὸ►

► ►

►



ὄ ὸ

(˿͔͎ͪȳ͔͚ ˹͊ ͭ͊ȳ͍͙ͤͦ;) Bernstein polinomok

ὄ ὸ π,  Вὄ ὸ ρ: OK

Newton ōƛƴƻƳƛłƭƛǎ ǘŞǘŜƭ

ρ ὸ ρ ὸ
ὲ

Ὥ
ὸρ ὸ



BŞzierapproximłŎƛƽ

ὄ ὸ
ὲ
Ὥ
ὸρ ὸ

0

1

1

ὲ σ

►ὸ ὄ ὸ►



class BezierCurve {

vector <vec 3> cps; // control pts 

float B(int i, float t) {

int n = cps.size () - 1; // n deg poly nomial = n+ 1 pts!

float choose = 1;

for (int j = 1; j <= i; j++) choose *= (float) ( n- j +1)/j;

return choose * pow(t, i ) * pow( 1- t, n- i );

}

public :

void AddControlPoint ( vec 3 cp ) { cps.push_back ( cp ); }

vec 3 r(float t) {

vec 3 rt ( 0, 0, 0);

for (int i= 0; i < cps.size () ; i++) rt += cps[ i ] * B(i,t);

return rt ;

}

};

BezierCurve

ὄ ὸ
ὲ
Ὥ
ὸρ ὸ

►ὸ ὄ ὸ►

file:///D:/3DPrograms/GrafikaHazi/Programs/Bezier/bin/Skeleton.exe
file:///D:/3DPrograms/GrafikaHazi/Programs/Bezier/bin/Skeleton.exe


ὸ ὸ ὸ ὸ ὸ

►

►

►○

○

ÅMinden ƪŞǘ ǾŜȊŞǊƭǃǇƻƴǘ ƪǀȊŞ ŜƎȅ Hermite
Åὅ sƛƳŀǎłƎΥ ŀ ǎŜōŜǎǎŞƎ ƛǎ ƭŜƎȅŜƴ ƪǀȊǀǎ ƪŞǘ ŜƎȅƳłǎ ǳǘłƴƛǊŀ
ÅYǀȊŜƭƝǘǃὅ ǎƛƳŀǎłƎΥ A kǀȊǀǎǎŜōŜǎǎŞƎŜǘ ǵƎȅ ǾłƭŀǎȊŘ ƳŜƎΣ 
ƘƻƎȅ ŀ ƎȅƻǊǎǳƭłǎ ƛǎ ƪǀȊŜƭƝǘǃƭŜƎ Ŧƻƭȅǘƻƴƻǎ ƭŜƎȅŜƴ

Catmull-Romspline

○
ρ

ς

► ►

ὸ ὸ

► ►

ὸ ὸ

►

►



class CatmullRom {

vector <vec 3> cps; // control points 

vector <float> ts ; // parameter (knot) values

vec3 Hermite ( vec3 p0, vec3 v0, float t0,

vec3 p1, vec3 v1, float t1 , float t ) {

}

public :

void AddControlPoint ( vec3 cp , float t ) { é }

vec 3 r(float t) {

for (int i = 0; i < cps.size () - 1; i++)

if ( ts [ i ] <= t && t <= ts [i+1]) {

vec3 v0 = é, v1 = é;

return Hermite (cps[ i ], v0, ts [ i ],    

cps[i+1], v1, ts [i+1], t);

}

}

};

○
ρ

ς

► ►

ὸ ὸ

► ►

ὸ ὸ

CatmullRom

►ὸ ╪ ὸ ὸ ╪ ὸ ὸ ╪ ὸ ὸ ╪
╪ ▬ ,  ╪ ○

╪
σ▬ ▬

ὸ ὸ

○ ς○

ὸ ὸ

╪
ς▬ ▬

ὸ ὸ

○ ○

ὸ ὸ

file:///D:/3DPrograms/GrafikaHazi/Programs/Bezier/bin/Skeleton.exe
file:///D:/3DPrograms/GrafikaHazi/Programs/Bezier/bin/Skeleton.exe


class CatmullRom {

vector <vec 3> cps; // control points 

vector <float> ts ; // parameter (knot) values

vec 3 Seg(vec 3 p_1, float t_ 1, vec 3 p0, float t 0,

vec 3 p1, float t 1, vec 3 p2, float t 2, float t ){

float c_1 = é, c 0 = é, c 1 = é, c 2 = é; // t_i , t

return p_ 1 * c_ 1 + p 0 * c 0 + p 1 * c 1 + p 2 * c 2;

}

public :

void AddControlPoint ( vec 3 cp , float t ) { é }

vec 3 r(float t) {

for (int i = 0; i < cps.size () - 1; i++)

if ( ts [ i ] <= t && t <= ts [i+ 1]) {

// T ¼lc²mz®stlekezelni !

return Seg(cps[i - 1], ts [i - 1], cps[ i ], ts [ i ], 

cps[i+ 1], ts [i+ 1], cps[i+ 2], ts [i+ 2], t);

}

}

};

CatmullRom, 2. verȊƛƽ

file:///D:/3DPrograms/GrafikaHazi/Programs/Bezier/bin/Skeleton.exe
file:///D:/3DPrograms/GrafikaHazi/Programs/Bezier/bin/Skeleton.exe


{ȊŀōŀŘŦƻǊƳłƧǵ ƎǀǊōŞƪ

ÅtŀǊŀƳŞǘŜǊŜǎ ŜƎȅŜƴƭŜǘ όƳƻȊƎłǎύΣ ǇƻƭƛƴƻƳƻƪ

ÅKontrolpontokkaldefiniłƭƧǳƪ όŀǇǇǊƻȄƛƳłŎƛƽǎΣ 
ƛƴǘŜǊǇƻƭłŎƛƽǎύ

ÅDǀǊōŜ = kontrolpontokƪƻƳōƛƴłŎƛƽƧŀ όǎǵƭȅǇƻƴǘύ

ÅDǀǊōŜ ǘǳƭŀƧŘƻƴǎłƎŀƛǘ ŀ ǎǵƭȅŦǸƎƎǾŞƴȅŜƪ 
ƘŀǘłǊƻȊȊłƪ ƳŜƎ
ïCƻƭȅǘƻƴƻǎǎłƎ όὅ ,ὅ ,ὅ

ïYƻƴǾŜȄ ōǳǊƻƪΥ ǎǵƭȅŦǸƎƎǾŞƴȅŜƪ ƴŜƳ ƴŜƎŀǘƝǾŀƪ

ï[ƻƪłƭƛǎ ǾŜȊŞǊŜƭƘŜǘǃǎŞƎΥ ǎǵƭȅŦǸƎƎǾŞƴȅŜƪ ŀ ǘŀǊǘƻƳłƴȅ 
ŜƎȅ ǊŞǎȊŞōŜƴ ƴŜƳ ȊŞǊǳǎ ŞǊǘŞƪǼŜƪ



GeometriaiƳƻŘŜƭƭŜȊŞǎ
оΦ CŜƭǸƭŜǘŜƪ

Szirmay-Kalos[łǎȊƭƽ

έLa ǎŜƳǇƭƛŎƛǘŁ ŝ ƭŀ ǎƻŦƛǎǘƛŎŀȊƛƻƴŜ 
finale.έ

Leonardo da Vinci



CŜƭǸƭŜǘ ŀ о5 ǘŞǊ н5 ǊŞǎȊƘŀƭƳŀȊŀ: 

ςExplicit: ᾀ Ὤὼȟώ

ςImplicit: Ὢὼȟώȟᾀ π

ςƎǀƳō: ὼ ὧ ώ ὧ ᾀ ὧ Ὑ π

ςsƝƪ: ὥὼ ὦώ ὧᾀ Ὠ π

ςParametrikus: ὼ ὼόȟὺȟώ ώόȟὺȟᾀ ᾀόȟὺ

ςgǀƳō:

CŜƭǸƭŜǘŜƪ

x

y

z

ὺ

ό

ÃÏÓὺ

ÓÉÎὺ

1ὼόȟὺ ὧ ὙÃÏÓόÓÉÎὺ
ώόȟὺ ὧ ὙÓÉÎόÓÉÎὺ

ᾀόȟὺ ὧ ὙÃÏÓὺ
όᶰπȟς“ȟὺɴ πȟ“



LƳǇƭƛŎƛǘ ŦŜƭǸƭŜǘŜƪ ƴƻǊƳłƭǾŜƪǘƻǊŀ

Normłl vektor = ÇÒÁÄὪ ȟ ȟ

π Ὢὼȟώȟᾀ

Ὢὢ ὼ ὢȟὣ ώ ὣȟὤ ᾀ ὤ

Ὢὢȟὣȟὤ ὼ ὢ ώ ὣ ᾀ ὤ

ȟ ȟ ɇὼ ὢȟώ ὣȟᾀ ὤ π

▪ɇ► ▬
▬ὢȟὣȟὤ

▪π Ὢὼȟώȟᾀ



ParametrikusŦŜƭǸƭŜǘŜƪ ƴƻǊƳłƭǾŜƪǘƻǊŀ

►όȟὠ

►όȟὺ

►Ὗȟὺ

►Ὗȟὠ

‬►Ὗȟὺ

‬ὺ

‬►όȟὠ

‬ό

╝Ὗȟὠ
‬►όȟὺ

‬ό

‬►όȟὺ

‬ὺ ό Ὗ
ὺ ὠ



Implicit kvadratikusŦŜƭǸƭŜǘŜƪ
ÅDǀƳō: Azon ►ὼ,ώ)Ǉƻƴǘƻƪ ƳŞǊǘŀƴƛ ƘŜƭȅŜΣ ŀƳŜƭȅŜƪ ŀ ╬ὧ,ὧ)

ƪǀȊŞǇǇƻƴǘǘƽƭ ὙǘłǾƻƭǎłƎǊŀ Ǿŀƴƴŀƪ: ► ╬ Ὑ

ÅHenger: Azon ►pontok, amelyek a ○ƛǊłƴȅǾŜƪǘƻǊǵ Şǎ ▬ƘŜƭȅǾŜƪǘƻǊǵ 
ŜƎȅŜƴŜǎǘǃƭ ƳŞǊǘ ǘłǾƻƭǎłƎŀ Ὑ:  ► ▬ ○ ► ▬ɇ○ Ὑ



Implicit kvadratikusŦŜƭǸƭŜǘŜƪ
ÅDǀƳō: Azon ►ὼ,ώ)Ǉƻƴǘƻƪ ƳŞǊǘŀƴƛ ƘŜƭȅŜΣ ŀƳŜƭȅŜƪ ŀ ╬ὧ,ὧ)

ƪǀȊŞǇǇƻƴǘǘƽƭ ὙǘłǾƻƭǎłƎǊŀ Ǿŀƴƴŀƪ: ► ╬ Ὑ

ÅHenger: Azon ►pontok, amelyek a ○ƛǊłƴȅǾŜƪǘƻǊǵ Şǎ ▬ƘŜƭȅǾŜƪǘƻǊǵ 
ŜƎȅŜƴŜǎǘǃƭ ƳŞǊǘ ǘłǾƻƭǎłƎŀ Ὑ: ► ▬ ○ ► ▬ɇ○ Ὑ

► ▬ ○ ► ▬ɇ○)

►

▬
○

○ ► ▬ɇ○

► ▬



Implicit kvadratikusŦŜƭǸƭŜǘŜƪ
ÅDǀƳō: Azon ►ὼ,ώ)Ǉƻƴǘƻƪ ƳŞǊǘŀƴƛ ƘŜƭȅŜΣ ŀƳŜƭȅŜƪ ŀ ╬ὧ,ὧ)

ƪǀȊŞǇǇƻƴǘǘƽƭ ὙǘłǾƻƭǎłƎǊŀ Ǿŀƴƴŀƪ: ► ╬ Ὑ

ÅHenger: Azon ►pontok, amelyek a ○ƛǊłƴȅǾŜƪǘƻǊǵ Şǎ ▬ƘŜƭȅǾŜƪǘƻǊǵ 
ŜƎȅŜƴŜǎǘǃƭ ƳŞǊǘ ǘłǾƻƭǎłƎŀ Ὑ: ► ▬ ○ ► ▬ɇ○ Ὑ

ÅEllipszoid: Azon►pontok, amelyek a █ïÓ█Ŧƽkuszpontoktƽƭ ƳŞǊǘ 
ǘłǾƻƭǎłƎ ǀǎǎȊŜƎŜ łƭƭŀƴŘƽ ὅ:  ► █ ► █ ὅ

ÅHiperboloid: Azon ►pontok, melyek a █ïÓ█Ŧƽkuszpontoktƽƭ ƳŞǊǘ 
ǘłǾƻƭǎłƎ ƪǸƭǀƴōǎŞƎŜ łƭƭŀƴŘƽ ὅ:  ► █ ► █ ὅ

ÅParaboloid: Azon ►pontok, amelyek az █ŦƽƪǳǎȊǇƻƴǘǘƽƭ ƳŞǊǘ 
ǘłǾƻƭǎłƎa megegyezik az ▪ƴƻǊƳłƭǾŜƪǘƻǊǵ Şǎ ▬ƘŜƭȅǾŜƪǘƻǊǵ ǎƝƪǘƽƭ 
ƳŞǊǘ ǘłǾƻƭǎłƎƎŀƭΥ ► █ ▪ ɇ► ▬



LƳǇƭƛŎƛǘ ƪǾŀŘǊŀǘƛƪǳǎ ŦŜƭǸƭŜǘŜƪ

Ὢὼȟώȟᾀ ὼȟώȟᾀȟρἝ

ὼ

ώ

ᾀ

ρ

π

ὼ

ὥ

ώ

ὦ

ᾀ

ὧ
ρ π

ὼ

ὥ

ώ

ὦ
ᾀ π

ὼ

ὥ

ώ

ὦ

ᾀ

ὧ
ρ π

ὼ

ὥ

ώ

ὦ
ρ π

Ellipszoid Paraboloid Hiperboloid Elliptikus
henger

aƛƴŘƛƎ ŦŜƭƝǊƘŀǘƽ ǵƎȅ ƛǎΣ 
hogy Qszimmetrikus



Kvadratikus objektum

Ὢὼȟώȟᾀ ὼȟώȟᾀȟρἝ

ὼ

ώ

ᾀ

ρ

‬Ὢ

‬ὼ
ρȟπȟπȟπἝ

ὼ

ώ

ᾀ

ρ

ὼȟώȟᾀȟρἝ

ρ

π

π

π

ὼȟώȟᾀȟρἝ

ς

π

π

πstruct Quadrics {

mat4 Q; // symmetric matrix

float f (vec4 r) { // r.w = 1

return dot ( r * Q, r);

}

vec3 gradf (vec4 r) { // r.w = 1

vec4 g = r * Q * 2;

return vec 3( g.x , g.y , g.z );

}

};



tŀǊŀƳŜǘǊƛƪǳǎ ŦŜƭǸƭŜǘŜƪΥYƛƘǵȊłǎ

▼ὺ: gerinc

╫ό: profil

►όȟὺ
▼ὺ ╫ό

file:///D:/Letöltések/OpenGL szépségverseny 2013. ősz.mp4
file:///D:/Letöltések/OpenGL szépségverseny 2013. ősz.mp4


tŀǊŀƳŜǘǊƛƪǳǎ ŦŜƭǸƭŜǘŜƪΥ CƻǊƎŀǘłǎ
hƭŘŀƭƴŞȊŜǘ CŜƭǸƭƴŞȊŜǘ

ὼ ▬ ό
ᾀ ▬ ό ▬ ό

x

z

x

v
z

y

ὼ ▬ όÃÏÓὺ
ώ ▬ όÓÉÎὺ
ᾀ ▬ ό



CƻǊƎŀǘłǎ



Henger

void eval (float u, float v, vec3 & point, vec3& normal) {

float U = u * 2 * M_PI, V = v * height;

vec3 base(cos(U) * r , sin(U) * r, 0 ), spine( 0, 0 , V );

point = base + spine;

normal = base;

}

ὼὟȟὠ ὶÃÏÓὟ
y Ὗȟὠ ὶÓÉÎὟ
ᾀὟȟὠ ὠ
Ὗᶰπȟς“ȟὠᶰπȟὬ

x
yU

z

╫Ὗ ὶÃÏÓὟȟὶÓÉÎὟȟπ

▼ὠ πȟπȟὠ



Hiperboloid

void eval (float u, float v , vec3 & point, vec3& normal){

float U = (v ï 0.5f) * h, V = u * 2 * M_PI;

float shu=sinh(U), chu=cosh(U), cv=cos(V), sv=sin(V);

point = vec3(r * chu * cv, r * chu * sv, shu) ;

vec3    drdU(r * shu * cv, r * shu * sv, chu);

vec3    drdV(r * chu * ( - sv), r * chu * cv, 0);

normal = cross(drdU, drdV );

}

ὼὟȟὠ ὶÃÏÓÈὟÃÏÓὠ
y Ὗȟὠ ὶÃÏÓÈὟÓÉÎὠ
ᾀὟȟὠ ÓÉÎÈὟ
ὠᶰπȟς“ȟὟᶰ ὬȾςȟὬȾς

x

yV
U

z

▬Ὗ ὶÃÏÓÈὟȟπȟÓÉÎÈὟ



x

z

y

Ὑ

ὶ
Ὗὠ

ὼὟ

Tƽrusz

ὼὟȟὠ Ὑ ὶÃÏÓὟ ÃÏÓὠ

ώὟȟὠ Ὑ ὶÃÏÓὟ ÓÉÎὠ

ᾀὟȟὠ ὶÓÉÎὟ
Ὗᶰπȟς“ȟὠᶰπȟς“

ὼὟ Ὑ ὶÃÏÓὟ
ᾀὟ ὶÓÉÎὟ



TƽǊǳǎȊ

typedef Dnum<vec2> Dnum2 ;

void eval ( float u, float v, vec3& point , vec3& normal ){

Dnum2 U( u*2*M_PI, vec2(1,0) ) , V( v*2*M_PI , vec2(0,1));

Dnum2 D = Cos(U) * r + R;

Dnum2 X = D * Cos(V) , Y = D * Sin(V) , Z = Sin(U ) * r;

point = vec3( X.f , Y.f , Z.f );

vec3 drdU ( X.d.x, Y.d.x, Z.d.x ), drdV ( X.d.y, Y.d.y, Z.d.y );

normal = cross(drdU, drdV );

}

D

x

z

y

Ὑ

ὶ
Ὗὠ

ὼὟ

ὼὟȟὠ Ὑ ὶÃÏÓὟ ÃÏÓὠ

ώὟȟὠ Ὑ ὶÃÏÓὟ ÓÉÎὠ

ᾀὟȟὠ ὶÓÉÎὟ
Ὗᶰπȟς“ȟὠᶰπȟς“



Mǀōƛǳǎ

typedef Dnum<vec2> Dnum2;

void eval (float u, float v , vec3 & point, vec3& normal ){

Dnum2 U ( u*M_PI , vec2(1,0) ), V( ( vï0.5)*w , vec2(0,1) );

Dnum2 X = (Cos(U) * V + R) * Cos(U * 2);

Dnum2 Y = (Cos(U) * V + R) * Sin(U * 2 );

Dnum2 Z = Sin(U) * V;

point = vec3( X.f , Y.f , Z.f );

vec3 drdU ( X.d.x, Y.d.x, Z.d.x ), drdV ( X.d.y, Y.d.y, Z.d.y );

normal = cross(drdU, drdV );

} 

ὼὟȟὠ Ὑ ὠÃÏÓὟ ÃÏÓςὟ

ώὟȟὠ Ὑ ὠÃÏÓὟ ÓÉÎςὟ

ᾀὟȟὠ ὠÓÉÎὟ
Ὗᶰπȟ“ȟὠᶰ ύȾςȟύȾς

file:///d:/3DPrograms/GrafikaHazi/Programs/Mobius/bin/Skeleton.exe
file:///d:/3DPrograms/GrafikaHazi/Programs/Mobius/bin/Skeleton.exe


{ȊŀōŀŘŦƻǊƳłƧǵ ŦŜƭǸƭŜǘ
5ŜŦƛƴƝŎƛƽ ƪƻƴǘǊƻƭƭ ǇƻƴǘƻƪƪŀƭΥ

►ὺ

►ȟ

►όȟὺ ► ό ὄ ό►ὺ

►ὺ ὄ ὺ►ȟ

►όȟὺ ὄ ὺὄ ό►ȟ

../../../3DPrograms/GrafikaHazi/Programs/BezierSurface/bin/Skeleton.exe
../../../3DPrograms/GrafikaHazi/Programs/BezierSurface/bin/Skeleton.exe


tƻƭƛƎƻƴƘłƭƽ ŦƛƴƻƳƝǘłǎŀ

ὄὭὮόȟὺ



SubdivisionƎǀǊōŞƪ

= 1/2 + 1/4 S



(Edwin) Catmull- (James) Clark
subdivisionŦŜƭǸƭŜǘ

= 1/4S

i = 1/2S

= 1/v2S +2/v2S +(v-3)/vi

= 1/4S + 1/2 i



Durva poligon modell



Subdivision1



Subdivision2



B-repΥ ƘŀǘłǊŦŜƭǸƭŜǘŜƪ ƳŜƎŀŘłǎŀ
Å¢Ŝǎǘ Ґ ŞǊǾŞƴȅŜǎ όƭŞǘǊŜƘƻȊƘŀǘƽύΥ ƴŜ ƭŜƎȅŜƴŜƪ ŀƭŀŎǎƻƴȅŀōō 
ŘƛƳŜƴȊƛƽǎ ŜƭŦŀƧǳƭƽ ǊŞǎȊŜƪΥ ƳƛƴŘŜƴ ƘŀǘłǊǇƻƴǘ 
ƪǀǊƴȅŜȊŜǘŞōŜƴ ƪŜƭƭ ōŜƭǎǃ Ǉƻƴǘƴŀƪ ƛǎ ƭŜƴƴƛŜΦ

Å¢ƻǇƻƭƽƎƛŀƛ ŞǊǾŞƴȅŜǎǎŞƎΥ
ï;ƭŜƪ όнΣоΣΧύ ŎǎǵŎǎǇƻƴǘōŀƴ ǘŀƭłƭƪƻȊƴŀƪ

ï9Ǝȅ Şƭ ƪŞǘ ƭŀǇƻǘ ǾłƭŀǎȊǘ ŜƭΣ Şǎ ƴŜƳ ƳŜǘǎȊ Şƭǘ

ï9Ǝȅ ƭŀǇƻǘ Şƭ Şǎ ŎǎǵŎǎ ǎƻǊƻȊŀǘ ƘŀǘłǊƻƭ

ï! ŦŜƭǸƭŜǘ ƴŜƳ ƳŜǘǎȊƛ ǎŀƧłǘ ƳŀƎłǘ

ïEuler-tƻƛƴŎŀǊŞ ǘŞǘŜƭ: ŎǎǵŎǎ ςŞƭ Ҍ ƭŀǇ= 2(db-lyuk)



(Leonhard) 9ǳƭŜǊ ƻǇŜǊłǘƻǊƻƪ

Å[ŀǇ ƪƛƘǵȊłǎ

Å[ŀǇ ŦŜƭǾłƎłǎ

Å;ƭ ǘǀǊƭŞǎ

Å/ǎǵŎǎ ǎȊŞǘǾłƎłǎ

CsǵŎǎƻƪLapok;ƭŜƪ

+4         +4 =  +8

+2         +1    =  +3

-1         0       =   -1
+1        0       =   +1



YŜȊŘŜǘΥ ŞǊǾŞƴȅŜǎ ǘŞƎƭŀǘŜǎǘ



[ŀǇ ƪƛƘǵȊłǎ


