“Ta mavta Pet kat o0Oev pével.”
‘HpAakAeLtog

Transformations

Szirmay-Kalos Laszl6




(x',y") = T(x,y) Transformations

* Assigns points to points

* May destroy the representation and the
equation

* Allow transformations preserving lines
(segments) and planes (triangles)

(x,y)

Affine transformations
— Preserves lines and parallelism
— Translation, rotation, scaling, shearing, reflection...



Affine transformations: preserves parallel lines
T(p)=(x",y’

110,

(1,0)

7(0,0)

T(p) = T(0,0) + (T(x,0) — T(0,0)) + (T(0,y) — T(0,0))
= T(0,0) + x(T(1,0) — T(0,0)) + y(T(0,1) — T(0,0)) =o' +xi' +yj’'

_i/x i/y 0_

0 x'=ax+by+c

!/ / ],x ],y y’:dx_l_ey_l_f
[x",y" 1] = [x,y,1] lo'x 0y 1]




" cos(p) sin(p) O
—sin(p) cos(p) O
0 0 1




3D translation




3D scaling

_0 O O



Axis d: unit vector

- Ar =d(rd)=1
S N (rd) |
= 4Ty

T” rJ_ TLL

r=d(r-d)+ (r —d(r-d))cos(¢p) + dxrsin(p)
=1 cos(@p) + d(r-d)(1 — cos(@)) + dxr sin()

Rows of the matrix:
Images of i, j, k, and the origin
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Projective geometry
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 Maps lines to lines
* Does not preserve parallel lines
* Euclidean geometry has a hole




Euclidean — Projective plane

Euclid's axioms:
* Two points define a line.
* A line has at least two points.
= If g is aline and 4 is a poin 1S

WV one other line that
sses point 4 but not line a.

—

Axioms of projective geometry:
* Two points define a line.
> . A line has at least two points.

* Two lines intersect in a single point.




Analytic geometry of the projective plane
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Euclidean points:

|X,Y,0]

|deal points:

(x,y) -

Homogenous division: x = —

- |x,y,1] ~
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Homogenous coordinates

Ideal

point

1%y, 0]

Direction + [x,y,1/3]

inverse distance [x,y,1]

scaling y 12x, 2y, 1]~[x,y,1/2]
Ideal *

ea
point [—x, =y, 1]~[x, ¥, —1]

[x,y,O [nyr_l/Z]



Parametric equation of the Projective Line

(X (@), Y (&), w®)] = [X1, V1, w1 |(1 — 1) + [X,, Y5, wp ]t




Implicit equation of the line

Euclidean line, Descartes coordinates:
nyx +ny,y+c=90

Euclidean line, homogeneous coordinates:
nX/w+n,Y/w+c=0 w*0

Projective line:

n,X +n,Y +cw =20

WXO

Point: row vector
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Projective space with homogeneous coordinates

* Euclidean points:

(x,v,2z) > |x,y,z,1] ~|[x - w,y-w,z-w,w| = |X,Y,Z,w]

oL X Y A
Homogeneous division: X = —, Y=, z==

* |deal points: |X,Y, Z,0]

* Parametric equation of the line:
X(@),Y(6), Z(),w(t)] = [X1, Y1, Z1, w1 [(1 — ©) + [ X3, Y2, Z3, W]t

* Implicit equation of the plane:
X +n,Y+n,Z+dw=20




Homogeneous linear transformations

Multiplication of homogeneous coordinates by a matrix
* Contains affine transformations
e 2D transformationis a 3 X 3 matrix
(X, Y W] =1[X,Y,w]-T3x3
* 3D transformation is a 4 X 4 matrix
XY, Z' W] =[X,Y,Z,w] - Tyius
* Concatenation of transformations: Associative
(XY, Z' wW]=(0.(X,Y,Zw] Ty Ty).. T
=|X,Y,Z,w]|-(T;{- Ty, ..-T,)
=[X,Y,Zw] T




Properties of homogeneous linear transformations

e |finvertible: Lines to lines, combinations to combinations,
convex combinations to convex combinations

* If not invertible, degeneration possible

Example: lines to lines:
[X(t), Y(t),Z(t),W(t)] — [Xli Ylizlel]t + [XZDYZJZZJWZ](]- T t)

p(t) =pit+p,(1—1t) /- T
p*(t) = (py- Dt + (pr T)(1 —t)
p*(t) = pit +p>(1 —t)




Invertible transformations: planes to planes

Ny

iy

n, .
x,v,zZ,wl| d|=0 p =p-T
f T/ T p* . T—1= p
p-n =0 :::

<T—1 (=T 7):n" =0
* -1
Transformed plane: p (T -n')=

n

xT __

T 1.nT p -nT=0




Central projection 7|
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Left-handed

/d| = x Z'gl ~ ey e



Wrap-around problem
Z, >0 2z, >0

y ‘t 7‘ y 4 \ Zl > 0
W2 :> ““““ ' ~~~~~ ‘
R ‘ o ZZ < 0 .............
00 "“ W > O ........
SN MO e " >0
d | z AN
Z ..'q Z
W= —
X d X W» < O
Projective line (topology)

[X(©),Y(£), Z(),w(®)] = [Xy, Y1, Z1, wy]t + [X2,Y5, Z5, wr](1 — 1)

Ideal point *_j

Line segment ?77?
"




