Quadratic Interpolation in Hardware Rendering
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Abstract

Rendering systems often represent curved surfaces as a
mesh of planar polygons that are shaded to add realism and
to restore a smooth appearance. To increase the rendering
speed, complex operations such as the solution of the ren-
dering equation or texture transformation are executed just
for a few knot points and the values at other points are in- ,
terpolated. Usually linear transformation is used since it v AT ,/ |
can be easily implemented in hardware. However, color [ NG/ N
distribution and texture transformation can be strongly
non-linear for which linear interpolation may introduce se-
vere artifacts. Thus this paper proposes quadratic interpofigure 1: Intensity of ambient, diffuse, and specular re-
lation to tackle this problem and demonstrates that it canflections

be implemented in hardware. The software simulation and
the VHDL description of the shading hardware are also
presented.

/

The artifacts of Gouraud shading can be eliminated by
a non-linear interpolation called Phong shading [16] (right
of figure 2). In Phong shading, vectors used by the render-
1 Introduction ing equation are interpolated from the real vectors at the
vertices of the approximating triangle. In simpler algo-
Computer graphics aims at rendering complex virtual rithms onIy the normal vectors are interpolated while the
world models and presenting the image for the user. Tdlight and view vectors are constant. In more precise com-
obtain an image of a virtual world, surfaces visible in pix- putations, the view and light vectors are also interpolated.
els are determined, and the rendering equation or its simThe interpolated vectors are normalized and the rendering
plified form is used to calculate the intensity of these sur-equation is evaluated at each pixel for diffuse and specular
faces, defining the color values of the pixels. The renderteflections and for each light source, which is rather time
ing equation, even in its simplified form, contains a lot consuming. The main problem of Phong shading is that
of complex operations, including the computation of the it requires complex operations on the pixel level, includ-
vectors, their normalization and the evaluation of the out-ing interpolation and normalization of the normal, view-
put radiance, which makes the process rather resource dég and the light vectors, calculation of their dot products,
manding. Real-time systems, however, allow just a feweéxponentiation if Phong reflection model is used, and mul-
tens of nanoseconds for the computation of a single pixelfiplications and additions. The hardware implementation
which results in a continuous driving force to develop is not feasible only if the number and type of lightsources
faster graphics hardware [14, 20, 15, 8]. are limited and the underlying formulae are simplified [2].
The speed of rendering could be significantly increased The superior rendering quality of Phong shading forced
if it were possible to carry out the expensive computationsresearch to try to find a reasonable compromise between
just for a few points or pixels, and the rest could be inter- Gouraud and Phong algorithms, that keeps the image qual-
polated from these representative points by much simpleity but also allows for hardware implementation. In Tex-
expressions. One way of obtaining this is the tessellatiortronix terminals, for example, the method called pseudo-
of the original surfaces to polygon meshes and using thé?hong shading was implemented. Pseudo-Phong shading
vertices of the polygons as representative points. In thigecursively decomposes the triangles into small triangles
paper only triangle mesh models are considered. A simplesetting the vectors at the vertices according to a linear
interpolation scheme would compute the color at the verformula, and uses Gouraud shading when the small tri-
tices and linearly interpolate itinside the triangle (Gouraudangles are rendered. If the sizes of the small triangles
shading [10]). However linear interpolation can introduce are comparable to the size of the pixels, then this corre-
severe artifacts (left of figure 2). The core of the problem sponds to Phong shading. However, when they are close
is that the color can be a strongly non-linear function of to the original triangle, this corresponds to Gouraud shad-
the pixel coordinates, especially if specular highlights oc-ing. Unfortunately, the artifacts of Gouraud shading are
cur on the triangle, and this non-linear function can hardlyvisible even in highly tessellated surfaces (figure 11). An-
be well approximated by a linear function (figure 1). other family of algorithms used highlight tests [22] to de-



Figure 2: Comparison of linear (Gouraud) interpolation (left) and non-linear interpolation by Phong shading (right).

termine whether or not a specular highlight intersects themalization by finding a vector that is halfway between the
triangle. If there is no intersection, then Gouraud shad-interpolated unnormalized vector and a given normalized
ing is used, otherwise the triangle is rendered with Phongvector, and then the halfway vector is interpolated and the
shading. Duff [7] extended the incremental approach ofgiven vector is reflected on the halfway vector each time.
Gouraud shading to Phong shading supposing only diffusd-inally, Phong shading can also be replaced by texturing
reflection. He obtained the reflected radiance of a singld4] in special cases.
light source as a direct function of the pixel coordinates

and evaluated this function using forward differences. Hi¥ Y

. u
incremental formulae separately calculated the dot prog- Texture » Texiure
uct of the normal and the light vector, and the length off || transform v .| memory
the normal vector, thus a division and a square-root opel-
ation were still needed for the evaluation of a single pixel : .
. . . e . Diffuse | =Z | €056,
Based on this, Bishop proposed a simplification using Ta lighting |
lor's approximation for both the diffuse and the Phong-_ || NV, L Diffuse Color
Blinn reflection in [3]. The determination of the deriva- ||  vettor $ks,n [~
tives of the reflected radiance is quite complicated and re- ~[_interpolator Specular Specular =
guires expensive computation, and this computation must reflection

be repeated separately for diffuse and specular reflections

and for each light source. Besides, according to the na-_ _ , , , :
ture of Taylor's series, the approximation is good aroundfigure 3: Conventional rendering with Phong shading and

the point where the derivatives were computed. Neighbor!€Xtureé mapping without interpolation

ing triangles may have different color variation on their . . .

edges, which leads to Mach banding over the edges of the Another_non-llnear_problem arises in image (_)rder tex-

triangles. Claussen [5] compared different simplification tU'€ Mapping. For triangles, the screen coordinates and

strategies of the Phong illumination formulae and vectort.he texture coordlnates are connecteq by a homogeneous

interpolation. Spherical interpolation elegantly traces baclé'ne""r _transformat|on_[19] thus for a p|x§I,Y the corre-

the interpolation to the interpolation of a single angle in- sponding texel coordinatesv can be obtained as

side a scah—liqe [13]. However, fi.nding the parameters aX +byY +cy, aX +hbyY +c,

of a §can-llne is alsg rather compllce}ted and t.he method u= duX + ey + fy’ V= dXt+eyY+h

requires the evaluation of the rendering equation at each

pixel and for each light source. The computational cost iswhereay, ... fy depend on the positions of the triangle in

also proportional to the number of light sources. Reflec-the texture and image spaces. Note that this operation also

tion shading [21, 12] tackles the problem of vector nor- contains divisions that are quite intensive computationally
and makes the mapping non-linear. Implementing divi-
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L L
onstorm S e V] L?;‘;‘gg, Our approach is in between linear interpolation and brute
at the vertices——>| interpolator [™] force methods not using interpolation at all. The function
of interest, as for example the rendering equation or the

:?;fgt‘:ﬁ; e “'}?3[13%“39 Bs I,* cosp, texture transformation, is evaluated in a few representative

at the vertices »| interpolator |  Diffuse points and the interpolation is done in image space as in
Color  Gouraud shading. However, the interpolation is not lin-

| L1, : | ear, but rather quadratic. Since a quadratic form has six
Specla ) Speclar | Spealr JZ degrees of freedom, the function will be evaluated at six
at the vertices—{ interpolator representative points on the triangle and it is interpolated

from the values at these representative points. Let us ap-

Figure 4: Linear interpolation, i.e. Gouraud shading andProximate functionl inside the triangle by the following
linear texture mapping two-variate quadratic form:

LOX,Y) = TsX?+ XY + TaY2 + X+ TiY +To. - (1)

sion in hardware is difficult and can be the bottleneck of 10 find the unknown parametefs, ..., Ts, the function

texture mapping [1]. Approximating this function by a lin- value_s are_subs_tltuted into _th|s_scheme at six points, and
ear transformation, on the other hand, makes the perspedD® Six variate linear equation is solved for the parame-
tive distortion incorrect [9, 17] (figure 12). Demirer [6] ters. The selection of these representative points should

proposed a Chebishev polynomial approximation to avoigtake into apcouqt d'ifferent c.riteria. The error should be
division. roughly uniform inside the triangle but should be less on

the edges and on the vertices in order to avoid Mach band-
Summarizing, the main problem of the original shad- ing. On the other hand, the resulting linear equation should
ing pipeline used by Phong shading (figure 3) is that itbe easy to solve in order to save computation time. An
involves complex operations such as lighting calculationsappropriate selection meeting both requirements uses the
and texture transformations, which makes its direct hardthree vertices:
ware realization impossible. Traditionally, this problem is

attacked by linear interpolation as shown in figure 4, but [(X1,Y1) =11, 1(X2,Y2) =12, 1(X3,Y3) =13,
the linear interpolation of the strongly non-linear functions
degrades the image quality [18]. and other three points on the edges half way between the

. . . two vertices, as follows:
In this paper we propose a new interpolation scheme

(figure 5) that uses appropriately selected quadratic func- X1+ X Y1+ Y

tions which can be implemented in hardware and can be I( 2 0 92 ) =z,
initialized without the computational burden of the Tay-

lor's series approach. Unlike previous techniques the new X1+ X3 Y1+Y3
method can simultaneously handle arbitrary number of I( 2 ' 2 ) = las,

light sources and arbitrary BRDF models.
Xo+X3 Yo+Y3

| =la3.
(%)=l
XY " Translating the triangle to have its bottom vertex at the
Quadratic |V . .. . .
Teawre | F13l euwe | Texture coordinate origin yields:
transform at coordinate [V | memory
6 points interpolator i = To,
. LT o = TsXZ+TaXoYo + a5 4+ ToXo + TiYa + To,
it | [T, e 211 oo G VX ¥
: diffuse lighting| - 2Y2 2 2
30r 6 pointsi—— > yampolator | D11 oo 12 = AT 4B+ T+ T + T,
i ls = TsXZ+TaXsYs+ Ta¥5 + ToXa+ To¥a + T
T | go — il_' 3 5X32+ 4>§: $+ 3 3Y ;r 2X3x+ 1Y3 :: 0,
reflection at -
: reflection — i< 73813 3 3 3
6 points > interpolator I13 = T5 4 +T4 4 +T3 4 +T2 2 +T1 2 ‘|‘T0,
B (X2 + X3)? Xo+X3 Y2+Y3
i . i ; lo3 = Ts + T .
Figure 5: Quadratic rendering 4 2 2
Y24+Y3)2  _ Xo+ X Yo+ Y:
. e n Oug S AT+



This system of linear equations can be solved in a straight- X3¥3
forward way resulting in: "

X2+X3 Y2+Y3
2 2

Difference of the

TO = Il, test pairs is small
T, = C3Xo — CoX3 o2 o
XoY3—YoX3’ Xl;xs ’ Y1;Y3
T CoY3 —C3Ys !
AV AVAEREVAA. -
X2Y3 - YZ)% Xl;XZ ! Yl;YZ Difference of the
2C1o— T5X22 — TaXoYo . test pairs is big
T3 = ) X1,Y1l

Y?
(4C13Y2 — C3Y3) D23 — (4C12Y3 — Co3Y2) D32

T, = Figure 6: Highlight test and adaptive subdivision
Ez2D23 — E32D32
T o— (4C12Y3 — Cp3Y2) E32 — (4C13Y2 — Ca3Y3) Ens
5 = E32D23 — EgoD3o ’ function evaluation is affordable and during subdivision
the already computed function values can be reused.
where
C: = 412311y, . .
Coo = litlp—2i 4 Hardware implementation of
Cs = 4l13—3l—1s, the quadratic interpolation
Ciz = li+l3—2l3, . . . . . . .
This section reviews the implementation strategies of sim-
Cos = 4|12_ H12— 413+ 42, ple functions on scan-lines that are used to fill horizontal
D2z = 2X5Y3—2XY2Xs, sided image space triangles. If the image space triangle
D3z = 2YoX2—2X%X3Ya, is not formed as horizontal sided triangle, then it should
Esz = XoYoYs—Y2Xs be divided into two parts, a lower and an upper. In this
2 2’ section we will consider only the lower horizontal sided
Esz = YaXgYs— XoYZ.

triangle. Image space triangle and horizontal sided trian-
The calculation offg, .. ., Ts parameters requires 25 ad- 9le are shown in figure 7.

ditions, 51 multiplications, and 5 divisions. Having de-

termined theTy, ..., Ts values, ifl (X,Y) is needed, then y y X3,Y3

X andY are substituted into equation (1). This quadratic Horizontal

form will be evaluated by simple additions according to Single S(igedtfian%e
the incremental concept. pixel Pper Py I mage space
x2.y2 XRX2 A triangle
3 Error control \\ ,,,,,,, /
T b _Horizqntal
The method proposed in the previous section approxi- Single sided triangle
scan-line (lower part)

mates a non-linear function by a quadratic formula. This
function is either the radiance or the texture address in our XLyl X X1yl X
case. If the triangles are too big and the radiance or the
texture address change quickly due to a highlight or to the  Figure 7: Image space and horizontal sided triangles
expansion of the texture transformation, then this approx-
imation can still be inaccurate. In order to avoid this prob-  If we implemented equation (1) directly, the hardware
lem, the accuracy of the approximation is estimated, andshould compute floating point multiplications and addi-
if it exceeds a certain threshold, then the triangle is adaptions for each value, which are rather demanding. To elim-
tively subdivided into 4 triangles by halving the edges.  inate the multiplications, the incremental concept is used,
Recall that the knot points of the interpolation are the which traces back the evaluation of the functigiX,Y)
vertices and the middle points of the edges. Thus areasorte the computation of an increment from the previous val-
able point where the error can be measured is the center afes, for instance, froh(X —1,Y). The increments can
the triangle. This leads to the following highlight test al- then be evaluated by simple additions. A triangle filling
gorithm. Having computed th®, ..., Ts parameters, the algorithm should generate the sequencéXafy) integer
function value is estimated at the center of the triangle usvalues called pixels that are inside a horizontal sided trian-
ing equation (1), and the result is compared with the realgle. The algorithm generates the pixels scan-line by scan-
value ofl (X,Y). In case of big difference, adaptive sub- line. In a single scan-line thé coordinate is constant. To
division takes place. Note that the overhead of one moresimplify equation (1), we use the incremental concept for




the scan-lines and for their start edges. First, the quadratic

function is reduced to a linear one for the scan-lines:
I(X+21Y)=1(X,Y)+AlI(X,Y)

where

ALX,Y) = 2TsX + TaY + Ts + Ta. )

Then we apply the incremental concept once more for

the linear functionAl(X,Y) to obtain the incremental
value inside the scan-line:

Al(X+1,Y) = Al(X,Y) + 2Ts.

When we step onto the next scan-lifvejs incremented,
and the starKsart and the eniKeng coordinates should be
determined by the following equations:

Y =Y,

Xean(Y) = Gy (Ke—Xa) + %,
Y —-Y;

XendY) = gyt (06=X) + X0

SinceXstart(Y) andXeng(Y) are linear functions, they can
be simplified by applying the incremental concept:

Xstart(Y +1) = Xstan(Y) + Astart,
Xend(Y + 1) = Xend(Y) + Aend,
where
Xo—X1 X3 — X1
A = — = .
start A ) Aend Ys—Y;

Xstart = X1, Xend = X1
Computelstan(X,Y), A|Stan(X,Y), Al (Xstart;Y) at Xl,Y]_
for Y =Yy to Y2 do
[(X,Y) =lstan(X,Y)
AL (X,Y) = Al (Xstart, Y)
for X = Xstart t0 Xeng dO
write (X, Y, 1(X,Y))
[(X,Y) +=AI(X,Y)
Al(X)Y) +=2Ts
endfor
Al (Xstart, Y) += 2TsAstart + Ta
Istart(X,Y) += Algtart(X,Y)
A|start(x,Y) += 2(T5A§tart + T4Astart + T3)
Xstart += Astart, Xend += Aend
endfor

Note that function and the parameters are not integers,
and if we ignored the fractional part, the incremental for-
mula would accumulate the error to an unacceptable level.
The realization of floating point arithmetic is not at all sim-
ple. Non-integers, fortunately, can also be represented in
fixed point form where the lovi, bits of the code word
represent the fractional part. The number of bits in the
fractional part has to be set to avoid incorrecalculations
due to the cumulative error in In order to obtair (X,Y)
for someX,Y pixel, My < maxY> —Y;) iteration steps are
executed on the start edge agt < max( Xz — X2) steps
on the horizontal span. A single iteration step involves the
calculation of incremental or Algart as an addition with
a constant, then the increaselobr Isait by the current

Now let us discuss the computation on the start edgeincrement values. The maximum error introduced by an
When the algorithm steps onto the next scan-line, bothaddition with a constantis?, thus aftem steps, the cu-
1(X,Y) andAl(X,Y) should be recomputed with the data mulative error of the increment is less than2 . Con-
of the new scan-line. The incremental concept can also bgequently, the cumulative error in valueand gy after
used for these computations, which traces back these ugM steps is less than

dates to two additions. The first application of the incre-
mental concept reduces the computation of the quadratic

functionl (X,Y) to a linear one:
I (X +Astart,Y + 1) = I (X,Y) +Alstart(x,Y)
where

Alsan(X,Y) = TsA2nq+ (2TsX 4+ TaY + Ta+ To)Astart
4+ TyX4+2T3Y + T3+ T1.

Applying the incremental concept once more for the linear

functionAlgiart(X,Y), we obtain a constant addition:
Algtant(X + Astart, Y +1) =

Alstart(X,Y) + 2(TsA% art + TeAstart + Ta).
To obtain the incremental valud (X,Y) at the start edge,

M
Y m2P=MM-1). 2~ (bi+1),
m=1

Incorrect calculations df is avoided if the cumulative er-
ror is less one. Since a single value requires at rivist
steps on the start edge aht} steps on the span, we ob-
tain:

(Mx (Mx —1) + My(My — 1)) - 27 O+D < 1 —

b > |Og(|\/|x(|\/|x - 1) + My(MY - 1)) —-1.

If the display has 128& 1024 resolution, this results in
the requirement of 22 fractional bits.

The hardware implementation is shown in figure 8. The
registers usually have two data inplitsand S. L is the
input to the register when tHead signal is active, an®
is the input to the register for each clock. The clock signal

we should apply the incremental concept only once sincey 1 sbsystem responsible for the internal pixels of the

it is already a linear function (equation (2)):

scan-lines is the system clock. However, the clock signal
controlling the elements that compute the interpolation at
the start edge is the output of the comparator detecting the

Let us group these formulae in the following algorithm: end of the scan-line.
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Figure 8: Hardware implementation of two-variate quadratic functions
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Figure 9: Timing diagram of the hardware generated by the VHDL simulator



5 Simulation results

The proposed algorithm has been implemented first in Mi-
crosoft Visual C++ and tested as a software. In figures
10 and 11, spheres tessellated on different levels are com-
pared. Gouraud shading evaluates the rendering equation

for every vertex, quadratic shading for every vertex a
edge centers and Phong shading for each pixel. The
ference of the algorithms is significant when the tessel
tion is not very high. The measured times of drawing

the coarsely tessellated spheres are as follows: Gour
shading 230 msec, quadratic shading 250 msec, and Phnnn

shading 450 msec. Note that Gouraud shading perfor
poorly on coarsely tessellated surfaces, but the visual qt
ity of quadratic shading and Phong shading is similar. (

the other hand, concerning the speed and the suitabi
for hardware implementation, quadratic shading is clc
to Gouraud shading. Figure 13 shows a more complex
scene with normal tessellation level. Looking at these im-
ages we can conclude that quadratic shading is visually-igure 10: Rendering coarsely tessellated spheres (168 tri-
superior to Gouraud shading and indistinguishable fromangles) of specular exponemts- 5 (top) andh = 50 (bot-
classical Phong shading. tom) with Gouraud shading (left), quadratic shading (mid-

In order to compare the quality of linear and quadratic d/€) and Phong shading (right)
approximation of texture transformation a tiger and a tur-
tle texture were assigned to a rectangle divided into two
triangles (figure 12). Note that linear transformation dis-
torts the textures in an unacceptable way, while quadratic
approximation handles the perspective shrinking properly.

Having tested the software implementation, the hard-
ware realization was specified in VHDL and simulated in
ModelTech environment. The timing diagram of the algo-
rithm is shown by figure 9. The delay times are according
to XILINX XCV300-6 FPGA. In this figure we can follow
the operation of the hardware. The hardware can generate
one pixel per one clock cycle. The length of the clock ¢
cle — which is also the pixel drawing time — depends ¢
FPGA devices and on the screen memory access time.
the mentioned device it can be less than 50 nsec. While
hardware draws the actual triangle, the software can cc
pute the initial values for the next triangle, so initializatio
and triangle drawing are executed parallely.

0

6 Conclusions

This paper proposed a new rendering strategy where the

color and the texture coordinates are evaluated by the ren- ) . )
dering equation at six representative points, three on th&igure 11: Rendering highly tessellated spheres (690 tri-
vertices and the other three halfway between the vertices2ngles) of specular exponemts- 5 (top) anch = 50 (bot-
then they are interpolated inside the triangle according td®m) with Gouraud shading (left), quadratic shading (mid-
a quadratic scheme. The algorithm has also been trandll€) and Phong shading (right)

formed to a hardware design that has been simulated in

VHDL demonstrating that 50 nsec pixel drawing time can

be obtained. Even if the screen has about 200000 res-

olution, the complete image can be redrawn 16 times per

second which provides the illusion of continuous motion.



Figure 12: Texture mapping with linear (left), quadratic (right) texture transformation

Figure 13: The mesh of a chicken (left) and its image rendered by classical Phong shading (middle) and by quadratic
shading (right)



Figure 14: Coarsly tessellated textured and specular tiger with Gouraud (left) Phong (middle) and quadratic (right) shading

Figure 15: A pawn with Gouraud, Phong and Quadratic shading

Figure 16: An apple with Gouraud, Phong and Quadratic shading
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Rendering systems often represent curved surfaces as a mesh of planar polygons that are
shaded to add realism and to restore a smooth appearance. To increase the rendering speed,
complex operations such as the solution of the rendering equation or texture transformation
are executed just for a few knot points and the values at other points are interpolated. Usu-
ally linear transformation is used since it can be easily implemented in hardware. However,
color distribution and texture transformation can be strongly non-linear for which linear in-
terpolation may introduce severe artifacts. Thus this paper proposes quadratic interpolation
to tackle this problem and demonstrates that it can be implemented in hardware. The soft-
ware simulation and the VHDL description of the shading hardware are also presented.



